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A LOCAL CHARACTERIZATION
OF THE JOHNSON SCHEME

J. 1. HALL

Received 5 April 1985

Within the Johnson scheme f(m, d) we find the graph K(m, d) of d-subsets of an m-set,
two such adjacent when disjoint. Among all connected graphs, K(m, d) is characterized by the iso-
morphism type of its vertex neighborhoods provided m is sufficiently large compared to d.

1. Introduction

The Johnson Scheme ¢ (im, d) is the association scheme [2] of all d-subsets of
an m-set, the pair (x, y) of d-subsets in relation #;, 0=i=d, provided |xMNy|=
=d—i. Each relation is symmetric; so we get, for cach i, a graph J;(m, d) whose
vertices are the elements of # (i, d) with x and y adjacent precisely when (x, )€ #;.
In this article we shall focus on two of these graphs:

J(m,d) = J,(mn, d)
K(m, d) = J,(m, d).

(Here K stands for Kneser; see [9].) It should be noted that if m<2d then K(m, d)
(and possibly some of the other J;(m, d) as well) has no edges. Indeed if m<d, then
J(m, d) and all its associated graphs have no vertices at all.

For I' a graph with adjacency relation ~, we define the local subgraph T,
to be that subgraph induced by I on the vertices of {y|y~x}. If I'=K(m, d) then,
for all x¢rI', I, is isomorphic to K(m—d, d) as is readily seen. We are concerned
here with proving a partial converse to this statement.

Theorem 1. Let 1 and d be positive integers, and let I be a connected graph such that,
for each xcI', I, is isomorphic to K(n, d). Then there is a constant k; such that I' is
isomorphic to K(n+d, d) provided n=k,.

We say that a connected graph I’ as in the hypothesis of Theorem 1 is locally
K(#n, d). If we define a function k on the positive integers by letting k(d) be the smallest
positive, integral k, for which the conclusion of Theorem 1 is valid, then all that we
know of k is contained in our second theorem.
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Theorem 2. (1) k(1)=1 and k(2)=T7;
(2) for d=2, 2d+1=k{d)=3d+ 1.

k(=1 trivially. That 2d+ 1=k(d), for d=2, is nearly trivial as K(2d, d)
. - ) 1 (2d . :
is the disjoint union of 5[ a’] copics of the complete graph on two vertices. Up to
isomorphism there are exactly thrce connected graphs which are locally K(6, 2)
(see [3]), so k(2)=7 is a consequence of Theorem 2. It is conceivable that k(d)=
=2d+1 for all d=3, however the nice geometric properties of ¢(7,3) (e.g., see
[4]) makes k£(3):#7 an interesting possibility.

We prove the two theorems simultaneously by showing that Theorem 1 holds
with ky=3d+ 1. There seems further room for improvement, so many of our inter-
mediate results are proved in greater generality than that demanded by our theorems.
The proof emphasizes the importance of J(m, d) in any study of #(m, d). The main
tool in the proof is a second graph structure defined on the same point set as I
which ultimately emerges as J(n+d, d). (Neumaier [8] has recently completed the
characterization of J(n, d) as a distance regular graph by its parameters (see also
Moon [7]), and various people have given local characterizations of certain J(n, d)
(see [1, 7]).

We first proved Theorem 1 in late 1977, The original proof was more clumsy
than that given here, and the best bound for k(d) found was k{d)=d?+2d—1.
This was still strong enough to prove k(2)=7, leaving n=>5 as the only unresolved
case in the classification of locally K (n, 2) graphs. This led us to prove (see [5]) that
up to isomorphism there are exactly three connected graphs which are locally the
Petersen graph K(5, 2). (The study of locally K(n, d) graphs is the gencral situation
mentioned in the first paragraph of {5] and of which the work on locally Petersen
graphs is a special case.) This in turn motivated [6] which among other things contains
a complete classification of locally K(n, 2) graphs for n=6. (The graphs K(n,2)
are the complements of the triangular graphs J(i, 2). K(6, 2) is the (2, 2)-general-
ized quadrangle.)

Thetheorems may find application in the characterization of the Johnson scheme
among the primitive association schemes and distance regular graphs. It can also be
used to characterize alternating and symmetric groups (of sufficiently large degree)
by centralizers of various of their elements (the initial motivation for the theorem).
L. Babai in 1981 and A. E. Brouwer in 1984 urged that the older results be written
up for publication. The product of their encouragement is the present better proof
of a sharper result.

Our graph theoretic notation and terminology is fairly standard. All subgraphs
we consider are meant to be induced subgraphs; in particular, we identify each graph
with its vertex set. Adjacency in the graph I is usually denoted by ~. We have already
introduced the notation I'.={ycI'|y~x}. More generally, for ZCT,

y= (T,
x€x
and sometimes when X={a,b,c, ...,z} we write I, , for I's. The cardinality
||, for x€I, will be referred to as the valency of x in I' (rather than the more
standard term—degree).
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2. Some properties of Z, J, and K

We first present without proof some well-known and elementary properties
of J(n, d) and K(n, d).

Proposition 2.1. J(n, d) is a distance transitive graph of diameter min(d, n—d) and

cardinality [Z] x and y are at distance ¢ in J(n, d) precisely when (x,y)€ #.(n, d).

. n—d . .
In particular each vertex x of J(n, d) has exactly [ d ] vertices at distance d
fromit. |

Notice that # (n, d) hence K(n, d) can be recovered from J(n, d). If n 1s suffi-
ciently large J(n, d) can be recovered from K(n, d).

Proposition 2.2, Let I'~K(n,d) with n=2d+1, and define a new graph J(I)
whose points are those of I with x and y adjacent in J (I') precisely when I'.,~ K(n—d—
—1,d). Then J(I')~J(n,d), and indeed J(K(n,d))=J(n,d). I

Therefore in the case I'~K(n,d) with n=24d+1 we can speak of J(I),
F.(N) (for 0=i=d), and #(I') without confusion.

In the graph X a geodesic from x to y is a Z-path of minimal length connecting
x to y. The subgraph 4 of X is geodesically closed provided it contains all geodesics
of X between pairs of its vertices.

Of great importance in this article are certain subgraphs of K(n, d) called
subspaces. A labelling & of I' ~K(n,d) by X is a map @ of the vertex set of I to
the set of d-subsets of the n-set X such that g~h precisely when ®(g)N\@(h)=0.
A P-subspace A of I' of degree m is a subgraph A4~ K(m, d) such that &(4) is all
d-subsets of some m-subset of X. One hopes that the collection of ®-subspaces of I’
is actually independent of labelling, that 4 is a @-subspace precisely when it is a
@’-subspace for all labellings &’. K(n, d) for n=2d has so little structure that this
is not to be expected, but the next lemma shows this to be the case for n=24+1.
A subspace of T (a I'-subspace) is a subgraph which is a @-subspace for all labellings &.

Lemma 2.3. Let I'~K(n,d) where n=2d+1. Then every ®-subspace of I' is a
subspace of T'. More precisely, the subgraph 4~ K(m, d) is a subspace of I' if and
only if either

() m=2d and A is geodesically closed within J(I') or

(1) m<2d and A is the intersection of subspaces A" of degree at least 2d.

Remark. All ®-subspaces of I'~K(n,d) are subspaces of I' precisely when the
automorphism group of I' is S,.

Procf. The only statement that needs checking is that a A=~K{(m, d) with m=2d
is a subspace of I" when it is geodesically closed in J(I'). Fix a labelling & of I" by
X, and set P(g)=g" for each geI'. Let

A4 =1 g.

ged

We claim that any d-subset of 4" is b’ for some h€d; that is, 4 is a subspace
of I

6



80 J. 1L HALL

Let 7 be a subset of A” of size at most d, and suppose that 7 g’ Uk, for some
pair g, h€d. As m=2d, thereis an f€A with f~h and g on a peodesic of J(I')
from f'to h, so that IS f"Uh’. But then the geodesic closure of 4 in J(I') forces 4
to contain all of the ®-subspace X of degree 2d labelled by f’U#k’. In particular,
for some e€XC 4, ¢'21

Now let #’, for some hel', be a d-subset of 47; and let ¥ be a subset of 4
of minimal size subject to

e yg.

gex

The result of the previous paragraph forces [Z|=1; so Z={h}, and hcd as
claimed. ||

Lemma 2.4. Let I'~K(n,d), and let A be a subspace of I of degree at least 2d+1.
Then any subspace of A is a subspace of I

Proof. This is immediate from 2.3. |]

Lemma 2.5. Let ACT ~K(n,d); and suppose that, for each x€A, A, isa degree m
subspace of I where m=2d. Then A is a subspace of degree m+d.

Proof. Let @ be a labelling of I" by X, and set ®(g)=g" for each geI'. Here by
assumption nz=3d=2d4+-1, so that by 2.3 the P-subspaces of I" are the subspaces
of I

Choose pcd, and let the I'-subspace 4, of I' be labelled by the subset ¥ of
X, |Y|=m. Set Z=p’UY, so that |Z|=d+m. Let I, for some hecl, be a d-
subset of Z. Then as m=2d it is possible to choose r~s within 4, in such a way
that A’Cp’Us’. But then as 4, is geodesically closed within J(I') (by 2.3), h€A4,.

Therefore 4 contains all of the subspace 2 of I' labelled by Z. Z has valency (;dn]:

=|K(m, d)| and so is a connected component of 4. Because m=2dJ—1, every vertex
of I'—2 is adjacent to some vertex of 2; so we have 4=2, a subspace of degree
m+d. |}

3. Graphs which are locally K (n, d)

In this section we prove the two theorems started in section 1. In view of the
remarks of that section, these theorems are tmmediate consequences of the follow-
ing two propositions.

Proposition 3.1. Let I' be a connected graph which is locally K(n, d) for n=3d+1
and d=2. Then, for every x~y~z+x with I',,~K(n—d—1,d), I',, is a degree
n—1 subspace of I'y and I,

Proposition 3.2. Let I' be a connected graph which is locally K(n,d) for n=3d—1
and d=2; and assume that, for every x~y~zxx with I' ,~Km—d—1,d),
I',, is a degree n— 1 subspace of I', and I',. Then I ~K(n+d, d).

As the propositions suggest, we give some of our results in greater generality
than required for a proof of the theorems. It seems possible that additional arguments
along these lines would lower the upper bound for k(d) further.
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We say that I is locally K(*, d) if for each x of I' there is an n(x) with I',~
o K(n (), d).

Lemma 3.3. Let n and d be positive integers with n=2d, and let T be a non-empty
connected graph which is locally K(, d). Then I' is locally K(n, d) if and only if there
isan x€I' with I'.~K(n,d).

Proof. One direction is clear. For the other direction it suffices (by connectivity)
to prove I'y~K(n,d) for y~x. If I'y~I(m,d), then (I')),~K(m—d,d) while
(I, ~K(n—d, d). Thus (”7;‘1]=|r”|:[”;d], with m=2d as I, =. The
result follows. ||

Lemma 3.4. Lei I' be locally K(%,d), and let x~y~zxx. Then T, is locally
K(x,d); indeed if I',=K(n,d), then I',~K(m,d) for some m=n—2d+1.

Xyz
Proof. This is immediate. [}

Proof of Proposition 3.1. As n—d—1=(3d+1)—~d—1=2d, the connected com-
ponent 4 of I',, containing y is locally K(n—d—1, d) by 3.3 and 3.4. Furthermore
Iiy.>K(n—d—1,d) is a I'-subspace of the I',-subspace I'.,~K(n—d,d). As
n—d=2d+1, by 24 I',,. is also a I',-subspace of the I', -subspace I, . Thus within
I', we may apply 2.5 to conclude that A~K(n—1,d) is a subspace of I',. Now
n—1=2d—1 implies each vertex of I',—A is adjacent to some vertex of 4, so
A=T,,. 1

For the rest of this section we are mainly pursuing Proposition 3.2., and so
we adopt the following hypothesis throughout (although note that in 3.5 we relax
the restriction on nto n=2d+2 or (1, d)=(5, 2)).

Hypothesis. I'is a connected, locally K(n, d) graph for integers n and d with n=3d— 1
and d=2. For every x~y~z+x with I',,~K(@m—d—1,d), I'y, is a degree n—1
subspace of I', and T',.

If x and z are as in the hypothesis, we write x:z, and we let J(I') be the graph
with vertex set I' and x adjacent to z precisely when x:z. Notice that J(I') induces
J(I'y)==J(n,d) on each I',. The import of the second sentence of the hypothesis is
the equivalence for I of the following with ¢=1:

(i) T',; is a degree n—c subspace of I', and I',;

(ii) x and z have distance ¢ in J(I');

(i) for some y€l,,, (x,2)¢ 2.(I,);

(iv) for all yerl.., (x,z2)€2.(T,).

The main step in the proof of 3.2 is the observation (in 3.6) that for I' (i)—(iv)
are equivalent for any other constant ¢, 0=c=d. (This is trivially true for ¢=0.)
Once this equivalence is proven, it can be checked that J(I') has the same parameters
as the distance regular graph J(n--d, d), so the characterization by Neumaier [8]
could be quoted to complete the proof of 3.2. We instead take the more elementary
route of constructing a labelling which exhibits I’ ~K(n-+d, d). It is annoying that
in order to verify the construction we must in addition to 3.6 use again the assump-
tion n=3d—1. This is particularly unfortunate as it seems likely that 3.2 is valid
with the inequality n=3d—1 replaced by n=2d+1.

&*
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Lemma 3.5. Assume the hypothesis under the relaxed assumption n=2d+2 or
(n,d)=(5,2).

(1) Let n={x:x,...:x.} be a path of length c=d+1 in J(I'). Then T,
contains A, a non-empty subspace of each I',, pcn, of degree at least n—c.

(2) The diameter of T is 2, and the diameter of J(I'Y is d. x~z inT if and only
if x and z are at distance d in J(I').

Proof, (1) For ¢=0,1 part (1) is true by assumption. We first consider the case
n=2d+2 and later indicate those changes required for (», d)=(5, 2). Assume (1)
is true for all b=c¢—1, and let 7 be as given. Let x=x,, y=x,_;. 2= X,.

For X¥={x:... :y} we have a 4,cI; with 4; a subspace of I',, pcZ, of
degree at least n—c+1. As y:z, A=A, NI,=A4,NT",, is a I',-subspace of
degree at least n—c. Then as A4 is a subspace of the I,-subspace I, =
~K(m—1,d) and n—1=2d+1, 4 is a subspace of I', by 2.4. Similarly, letting
W=x._,, 4 is a subspace of the I, -subspace I',,~K(n—1,d) and so is a subspace
of I',,. In this manner, 4 is a subspace of each I',, p€n. As ¢=d+1 and n=2d+1,
4 is non-empty. This gives (1), provided n=2d+ 2.

In all the above argument, the only difficulty for the case (n, d)=(5,2)
is the use when ¢=2 of 2.4 to prove that 4 is a subspace of I, and I'.. (Remember
that |K(5—3,2)|=1.) But in this case one sees within I',, for any r¢4, that either
X~z or x:z; so [, is asubspace of I', and I',. We may then take A=I_ NI, =
=r _Nr,,, an intersection of I', -subspaces and of I'_-subspaces.

(2) J(I') is connected because each I, is connected within J(I') and 7 is
connected to s~r within J(I,), for any €T,,.

By (1) any path in J(I') of length d+ 1 lies within some I',. As J(I',) has di-
ameter d, we see that J(I') has diameter at most d. A second application of (1) then
says that any two vertices x and z of I' lie within some I', so I itself has diameter 2.

Any pair x~z can not be at distance less than d within any J(I')), so the di-
ameter of J(I') equals 4 exactly and adjacent vertices of I have distance ¢ in J(I').
Conversely if x and z are at distance d in J(I'), then there is some yp such that x
and z are at distance o within I',. But then within I', we see that x~z. ||

Lemma 3.6. Let x=x, and z=x, be atdistance cinJ(I'), and let 7= {xy:x;:...:x.}
be a length ¢ path in J(I') connecting x and z. Then I',,=T, isa degree n—c subspace
of each T',, pen. In particular each geodesic of J(I') from x to z lies entirely within
'y, for all yerl...

Proof. First suppose that c=d, so that x~z by 3.5.2. Therefore I' =~ K(n—d, d),
while 3.5.1 guarantees a subspace A4~ K(n—d, d) within I',. We conclude in this
case that I' ,=I,, as required. This allows us to assume for the balance of the
proof that ¢<d (again using 3.5.2).

Let yel,,. Within J(I',) x and z have distance at least ¢, so I',,. is at best
of degree n—d—c=(3d—1)—d—(d—1)=d. On the other hand 3.5.1 gives a subspace
AS T, which already locally has this degree, and so must be a connected component
of I',,. As A has degree n—c=(3d—1)—(d—1)=2d, any wel',—4 is adjacent to
at least one vertex of 4, so A=I",,=TI,, as required. [
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Remark. In 3.6 we have proven the equivalence for I' of the statements (i)—(iv)
above for any constant ¢ with 0=c¢=d. Notice that the case c¢=d requires only
the slightly weaker hypothesis of 3.5. The equivalence of (ii)—(iv) for all appropri-
ate ¢ is also a consequence of 3.5. (For each y€r,, one can find within I', a w~z
such that x lies on a J(I",) geodesic from w to z.)

Lemma 3.7. Let XSI'. For x€I's, let A be the smallest subspace of T', which
contains 2. Then A is also a subspace of I',, for every z&<T'y, and of necessity is the
smallest subspace of ', containing .

Proof. We induct on the distance ¢ from x to z in J(I'). The result is trivial for
¢=0. Next assume the result is true for all yeI'; at distance b=c—1 in J(I') from
x. Let x=x:...:%x._,:x,=z be a geodesic in J(I') from x to z, and set y=x._,.
By 3.6 XTI, so by induction 4 is a subspace of I',. Indeed 4, is a subspace of the
I',-subspace I',.~K(n—1,d). If n—1=2d+1, then because I'y, is a subspace of
I',, 2.4 proves 4 a subspace of I',. Otherwise (n d)=(5, 2), and the result follows
easily. P

As a consequence of 3.7, any I' . -subspace 4 must now be a I',-subspace as
well, for any y€l,; so 4 can be called a subspace of I' without ambiguity. The 4
of 3.7 is the subspace spanned by X.

We are now ready to describe a labelling of the vertices of I' by {1 ,..., n+d}
which exhibits the 1somorphism of I' and K(n, d). We prove this in a sequence of
lemmas.

To each g of I' we associate a subset g’ of the set {1, ..., n+d}. Furthermore,
for any subset 2 of I' we define

r=U¢gs
gel
so for instance we quickly see "'={1, ..., n+d}.

Choose an edge p~gq of I' and label I',lUI', according to:
O p={,..,d}, ¢ =+l . .,n+d};
(i) I'y={d+1,..,n+d},
r;={1,..,n}
I,=1{d+1,..,n);

(ii) the labellings of I'),, I',. and I, exhibit the isomorphisms I',~ K(n, d) ~
=TI, and @', =~K(n—d,d).

Notice that if 4 is a subspace of I',UT,, then [4] is the degree of 4.
This still leaves unlabelled all g¢I',UI’,. For such a g we set

g =I"—(I;,Ur%).

Lemma 3.8. (1) For all gel', g'=I"—(I';,UTl},).
(2) For all geI', g~xeI' Ul if and only if g’ Nx'=9.
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Proof. (1) This is true by definition if g¢ I',UTI’; and is clear if gcI' ,NTI',. Assume
geIF Ur,. Then I'y,, has degree at least (3d—1)—d—(d—1)=d, so that I,,=
=p UF Thus

arq -’

g =TI"—(I'g,Up)
=I"— (T3, Ul Up)
=I"—(I';,UTl,).

(2) Without loss of generality xcI',. As(2)is clear if gcI',\I",, we assume
g4I ,NI,; so again I';,, has degree at least d. We first claim that F My N BT
Suppose i€ry,Nr,. Then {yur,, =4’, for some I',-subspace 4 “inside r,
That is, i€l as claxmed Now by (1)

gNx' =0 iff x'cr,,ur,,
iff x'c@,,Ur,)nr,
iff x'crly,
iff x~g by37 |

Lemma 3.9. Let A; be a subspace of I'y,, and let A, be a subspace of T'y, with the
degree of A, Ay at least d. Then the subspace of I', spanned by A, and A, has degree
[4;U 4.

Proof. Both numbers equal |A{[+[45]—[4]N4d3]. B
Lemma 3.10. For all g¢I', |g’|=d.

Proof. This is clear if gcI',Ur,, so we assume that g has distance a from p in
J(I') and distance b from ¢ in J(I') where O<a<d and O<b=d. Thus |I'}|=
=n—az=Bd-1)—(d—1)=2d,

[['gel = n—b:=2d, and
Il =n—a—-b=CBd-D)—(@d-1)—-(d-1)=d+1
By 3.9 |I';,UI,| is the degree of the subspace of I', spanned by I’J,,UI“,”,
enough to prove that this spans I';.

Choose r€l'y,,. Then I'y, is spanned by »UTI,, as I';, has degree at least
2. Similarly I'y, is spanned by rUTI,, . Because p~gq within I',, (I',),, and (I',),,
span the subspace (I',), of degree n—d in I',. Next within Iy, the subspace spanned
by I',,Url,, is also spanned by rUTI',,, Ul andsoby rUl,. Thatis, I'),UTl,,
spans I';, as required. ||

Lemma 3.11. If g, héI' with g’=F, then g=h.

Proof. Let g, h€I’ have g’=h’. By 3.8 this is the same as saying I,,UIl,=
=I;,Ur;, and I,,Ur, = F,,PUI",,q If g’ is contained in I',,; then g, hel',, by
3.8.1, whence g= h Otherwise by 3.9 I' =T, both being the span of I ngI’ a
For any x€l,, we find g=h within I',. |}

Lemma 3.12. If |g’NK|=d—1, then g:h.

SO If 18
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Proof. This is certainly true either if g, heI', orif g, h€I,; so we may assume this
is not the case. In particular g"Uh" meets both p’ and ¢’ non-trivially, so that I'y,,,
has degree at least

(d+3d—-1)-2d—-(d—-1) = d.
By assumption and 3.8

(CpUL NI, U =Ly UL,

has size n—1, so by 3.9 I';,,UI'y, spans a subspace 4 of degree n—1 inside I'y,.
As g=h, this and 3.6 give g:h. |}
Proof of Proposition 3.2, We first claim that |I |=(n;d] . Fix some z¢I. We

count the vertices g of I" according to the degree of I'j, which by 3.6 is a subspace of

degree n—c where c is the distance from g to zin J(I'), 0=c=d. I, has [Z] subspa-

ces of degree n—c. For each such subspace 4 there are {ccl :[d_ c) distinct z
for which I'j),=A4, as can be calculated using 3.6 within I',, for any x€4. Therefore

=200 -1

By 2.1 and 3.10—3.12 we see that J(I') is isomorphic to J(n+d, d) possibly
with some additional edges. By 2.1 and 3.5.2 both J(n+d, d) and J(I') have diameter

d and {Z,] vertices at distance d from any fixed vertex. Thus the “distance d” graphs
of these two graphs are isomorphic. That is, K(n+d, d)~T. |}
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